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iva ABSTRACT 


Expressions for the transition matrix elements are derived in the impulse approximation, 


assuming general two-body interactions. 


I. Introduction 


The inelastic scattering of nucleons by deuterons has been treated earlier by 
several authors. Wu and Ashkin [1] and Bransden [2] have formulated the solu- 
tion of the problem in the Born approximation for various mixtures of ordinary 


and exchange forces, including also the tensor force. Of these authors, only 


Bransden takes the tensor force into account in the numerical calculations. In 
an attempt to find a procedure, more easy to justify for the scattering of nu- 
cleons by light nuclei than the Born approximation, Chew [3] proposed the so 


called impulse approximation and applied it to neutron-deuteron scattering, con- 
‘sidering central forces only [4]. Some numerical results for the energy spectrum 


and angular distribution of neutrons in n—d scattering were also obtained by 
Gluckstern and Bethe [5], who used a modification of the Born approximation 
to investigate the importance of interference terms in the total n—d cross sec- 
tion. Franck and Gammel [6] have studied low energy inelastic nucleon-deuteron 
scattering in the Born approximation, assuming a zero range potential for the 


~ nucleon-nucleon interaction. 


The point of main interest in the study of the scattering of nucleons by 
deuterons concerns the conclusions which can be drawn with regard to nucleon- 
nucleon scattering, the bound and continuum states of the deuteron, and the 
possible existence of three-body forces. From this point of view the conven- 
tional kind of scattering experiments, where only one outcoming particle is reg- 
istered, are not very conclusive, because they involve, for high energies, an 
average over a large energy interval and hence a great many states for the two 
particles not observed. A study of the d(p,2p)n reaction at high energies 
would give a much more direct information. Such experiments will, presumably, 
be made in a near future, so we have considered it of interest to give a theo- 
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retical discussion under rather general assumptions about the two-body inter- 
actions. At energies above 100 MeV the impulse approximation provides a nat- 
ural starting point, and by adding correction terms to this approximation one 
should expect a rather high accuracy. Me 
In this paper we are entirely concerned with a discussion of the transition 
matrix for the impulse approximation, assuming a general type of necleon-nucleon 


interaction. Part II will be devoted to an examination of the multiple scattering | 


corrections to the conventional impulse approximation, and will provide a basis 
for a discussion of the physical content of the formulae derived in the parts 
I and II. In a subsequent paper some numerical applications will be reported. 


II. General considerations 


As a basis for our treatment and in order to introduce concepts and nota- 
tions we start by giving some formulae from the theory of scattering [7, 8]. 

We consider a quantum mechanical system consisting of two parts, which 
collide at the time t=0, after having been at infinite separation at t= — co in 
a state |¢,). The Hamiltonian H=K-+V, where K is the Hamiltonian in the 
absence of any interaction between the two parts and V denotes the interac- 
tion. For the calculation of cross sections we introduce the transition operator 
T=VQ™, where Q, the wave operator introduced by Moller, is such that 


Qm | di) _ i) (1) 


is the state vector of the system at t=0 developing from the initial state | 4,). 
We shall later make use of an analogous operator 7°?=VQ© where 


Q% |$)) =F) 


is that state of the system at t=0, which would develop into a final state |¢,;) 
at t= — co, consisting of |¢,) plus ingoing waves. 

The processes that we wish to study are only those which lead to a dis- 
integration of the deuteron. The final state at t= co will then describe three 
free nucleons. The momenta of two of them determine the final state except 
for spin. We define, accordingly, a dissociation cross-section of, such that 


(incident intensity) of, d°k{d°k}= the number of processes per unit 
time in which the incident. particle 1 goes into d°k{ around k{ while (2) 
one of the particles in the deuteron, e.g. 2, goes into d°kf around ki. 


The complete differential cross-section describing the process in which the 
incident particle 1 goes into d*k{ around kj is obtained by integrating over 


particle 2. 
O12 = f ak, Gis (3) 


1 For simplicity we treat the three particles as distinguishable and introduce the antisym- 
metry requirement later. 
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- The cross section of, is related to the matrix elements of the 7 operator in 
a well-known manner. We are here interested in scattering at energies > 100 MeV 
for which the impulse approximation provides a fairly accurate and simple ap- 


' proximation for the 7 operator according to 


Ps 
= 


bid 


Tie= T 1» at T 13 (4) 


Here 71, is the transition operator for collision between the incident particle 
1 and particle k in the deuteron (k= 2, 3). 


III. Expansion of T,, in spin eigenstates 


~The formulas for central two-body interactions have been given by Chew [3]. 
Here we wish to consider more general two-body interactions and have to de- 
rive the corresponding formulae which are essentially more complicated. For 
simplicity we shall only indicate the spin quantum numbers in this section, 
which means that the matrices are to be regarded as operators in momentum 
or position space. 

As a basis set we consider the four quartet functions with spin 3/2, which 
are totally symmetric in all coordinates, while the others form two doublets of 


_which one is chosen symmetric and the other antisymmetric in a given pair 


of coordinates (for definiteness particles 2 and 3).} 
The doublet functions transform according to the following representation of 
the permutation operators (12), (13) and (23): 


aay=("F V3/2 } as)=("" yn axy=(~* | G 


ya 1/2 eye ie 01 
These operations can be used for transformations to functions with symmetry/ 
antisymmetry in other pairs of particles. Using (5) one finds easily the following 


orthogonal matrices, written in tabular form for the sake of clarity: 


Table I. The quantities (S, 5,3|S, 5.) for S=1/2. 


Table II. The quantities (S, s23|S, 5,3) for S=1/2. 


83-0 s3=1 


Bas" Mh dda Wh) AV ale 


—— 


Pea Vale -1/2 


1 See, e.g., Verde, reference [9]. 
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f. te +7, it is Lees se zn mats dame 
As sloeert whichibiatte® mois 8 ntisymmetric Ca ars oa 
then obtain ‘ val 
(8', MS, ofs|Tra| S', M’, ss) = os ee , M!, #f5|8', M’, six)x * 
Hp aos eo 


x (8, UM, six |S', UM’, 853) (8’, ur, six |Tix| 8, aay 
The quantities (S/M’ sJ;| S’ M’ s:,) etc. are themselves matrix elements ot per- 
mutation operators and are therefore diagonal in S and independent of M. For — 
the quartets they are equal to 1 and for the doublets we use tables I and II. 
We can then omit the projection quantum numbers and write (7) as 


(S, M, 84g |Tra| SM, ) a >, ys (iS, 833 io Six) (S', 853 | S, Siz) X 
S’1k 
Sik 


(8) 
x (9, M, six |Tix| S', M', 81x). 


Table III in the appendix gives the wets elements of Pia between spin states 
symmetric/antisymmetric in particles 2 and 3. | 
‘Expanding the spinfunctions in the matrix elements of 7}, in a Clebsch- 
Gordan series! with 81, =8,mi,=m. 


ye ua ie M, ee | 
‘ 
- 5 (Os, 1/2, 8’; m', M’ —m’) C(s, 1/2, 8; m,M —m)x ~ (9) 
x (8’, m’ | Tix| 8, m) Om-—m’, M—m 


where we have used that 71, does not depend on the third particle. This ex- 
pression is formally symmetric in 8, M,s and §’, M’,s’ so that the matrix 


element with the right’ and the left spin states interchanged i is obtained without _ 
separate calculation. 


A further simplification is obtained noting that for interactions conserving 
parity 7, is diagonal in s;;,, so that (9) simplifies to 


(S’, M’, s'|T1,| 8, M, s) = 


s 
x C(s, 1/2, 8; M’-M+m, M—m)C(s, 1/2, 8; m, M—m)x (10) 
m=-—s 
x (8s, M’—-M+m|Tx|s, m). 
* The notation for the Clebsch-Gordan coefficients is that of Rose [10}. 
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Physically 

ae um state characterized by the momenta pj=%ki and p{=Ak{ and a 

n state. As measurements of the spin are made in the asymptotic region, it 
natural to ask for the transition probabilities to states with welldefined spin — 
ntum numbers. For a non-central interaction between particles 2 and 3 those — 
not necessarily the same as immediately after the collision, ie. the spin 
‘states which evolve from the initial state by the operators 7, and 7T\,;. To 
obtain the matrix element for the final spin state, we therefore have to con- 
sider the matrix elements for transitions via different intermediate states and 
_then sum over all these. 

In accordance with these remarks we compute the matrix elements between 
_ the initial state 


def 
a | St, M', 833) (S', M', 853 | ki, D,) — | 1) (11) 


Cea 


a where ki is the wave vector of the incident particle and ®, is the deuteron 
_ ground state wave function in the laboratory system, and the final state 


: def 
|S’, M’, 523) (S’, M’, so5| ki, Vif, uf, S’, MM’, 88s) =|f) (12) 


where k{ is the outgoing wave vector for particle 1, 


er iA alban As 


| kt, VS, Ki, Fob M, 8h3) 
is a state of definite momentum for particle 1 times a continuum state for particles 
2 and 3 in the laboratory system with asymptotic wave vectors kf and kf and 
the asymptotic spin state |S’, M’, 543). |S’, M’, 833) is the intermediate state 
mentioned above. 
We observe that the continuum wave function | Pus, xf) can be written using 


- the wave operator Q$;’, as 


[Fe wg) = Obs | ke, ks). (13) 


Since {> is diagonal in s,;, we can use the expansion (10), and therefore 
table IV, for calculating matrix elements of Of? between three-particle-states. 

From our discussion it is clear how the matrix elements of Tq in spin- 
momentum space can be reduced to operators in momentum space. We regard 
in the following these operators (71, and Q§3”) as known. We then have to 
consider the matrix elements of 71q between the initial and final states (11) 


and (12) and simplify them as far as possible. 
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We expand (f|7',|i) and (f|7,,|¢) in momentum eigenstates: 


(f| Diz | 4) = f dk’ d®& (f| ky ke ks) (Ic kz kj | Typ |k, ky Ky) (Kt, K, Kg | 4). ; : 
Introducing the relative and total momenta for particles 2 and 3, defined by 


Ky = (kK, a k,)/2 


(14) 
A K,, =k, + k, 


we get 
(K, k, k,|¢) = 6 (ki—k,) 6 (Kes — Ky3) 9 (Kes) (15) 


where g,(k,3) in the Fourier transform of the deuteron wave function in relative 
coordinates. 

Similarly . 
(Iki Ke ks | f) = 6 (kf — 1) 6 (Ks — Ks) gus, (Ks) (16) 


where guf (K33) is the Fourier transform of a continuum wave function for par- 
ticles 2 and 3 in relative coordinates with asymptotic form |k%s). We note that — 
gx, (23) has a delta function singularity for k33 = kd. P| 

Analogously, the matrix element of 7, is simplified by using relative co- 
ordinates for particles 1 and 2, and we obtain 


(Ki ky ky | 1, | ky ky ky) = 6 (ky — Kg) 0 (Kio — Ks) (Kej2 | t, | Kyo) (17) 


where ¢,, is the transition operator in relative coordinates. Assuming the deu- 
teron to be at rest before the collision we get 


(F| Tia] i) = J dk3s gf (Ices) go (Ikon ~Kb5/2) 0 (xf + kf + kf — kt) x 

18 
Kf BG/o= kh KE KG/2— ke) 
. ae See ee ; 


The matrix element of t,, is under fairly general conditions, which have been 
discussed by Chew [3], rather weakly dependent on k33. One can therefore with 
good approximation replace it by a constant value, substituting for kj; the mo- 
mentum for which the other factors in the intergrand of (18) have the largest 
value, i.e. ks. This may be regarded as the first term in an expansion of 
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ae M (i2)— Si nal eet) 
f (20) 


B52 7 Tog=f d*ka5 gi! (Kes) go (Kos — Kbo/2). iL 


a The matrix elements of Fg can be computed in the same way. The expres- 
‘sions may also be obtained from (19) and (20) by interchanging the indices 2 
and 3, noting, however, that kj; and kj, change their signs. Using that g, is : 


i, 


an even function and that change of sign of variables as well as parameters in va 
the continuum function cannot change its value, one obtains 7 
Tg = J Akos gti (Kos) Jo (Kes + K5s/2). (21) 


IV. The antisymmetry requirement — 


For nucleon-deuteron scattering the incoming particle and one of the par- 
- ticles in the deuteron are identical, and we assume in the following that these 
are particles 1 and 2. The exclusion principle is easily taken into account by 
- multiplying the transition operator 71q to the left by the operator 1 — (12), (12),, 
where (12), and (12), are permutation operators acting on the spin and posi- 


tion coordinates, respectively. We then get 


MGa= 1 ie +1, — (12). (12). 743 (22) 


eS Reet 


where 7%; is the nucleon-deuteron transition operator, antisymmetrized in the 
_ like particles, and 
. Ti = [1 — (12)¢ (12)2] Tre 


which is simply the antisymmetrized transition matrix for particles 1 and 2, 
and gives the same scattering amplitude as in free nucleon-nucleon scattering 
for identical nucleons. 7, gives the scattering amplitude for two non-identical 
' free nucleons. The term 

— (12), (12); T13 (23) 


represents a kind of exchange scattering, in the elastic case corresponding to 
so called pick-up processes. We can treat this term by the methods employed 
for the other terms, and get for the matrix elements in spin space 


— (S', M’, 825| (12)¢ (12)z T13| 8; M, 8) = 
=> (8’, M’, si3| (12): T13| 8, M7, 813) (S, M, 15 |S, M, s) 


Sis 


. / Us 
with 813 = 893. 
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After simplification one gets for the matrix element 


(f|(2)e Tis] #) = 6 (i + BS + kg — ki) gp (Ki) J Phas It (kis) (kala 5 # oar 
i ! ? ; An 2og% 
As before, we approximate the integral in (25) by replacing the matrix elem en t 
of t,; by a constant value. In analogy with equation (19) and (20) we obtain 
(f | (12). Tig | ¢) =6 (ki + ko + kf — kj) N (13) J 
aS) 

2 


J =gy (ki) f dkis gil, (Kis). 


‘peg 5% 
wcay= (2S a,| (26) 


The result (25) has a close relation to the theory of pick-up processes by _ 
Chew and Goldberger [11], who, however, make use of the Born approximation. 
To demonstrate the similarity we note first that the integral in (25) can be 
written as ; 


4 f 
i =). (27) 


(x | tis | 2 


For a real pick-up process, the continuum state to the left in (27) is replaced © 
by the deuteron ground state (q|, which satisfies the Schrédinger equation | 


(pol V = (Go| (La — p*/M) (28) — 


where V is the proton-neutron potential, —H, is the binding energy of the | 


deuteron, p is the momentum operator, and M is the nucleon mass. Momentum 
conservation gives 


(ki + k{)/2 = kj — (kb + kf) /2 
=k-K/2 


in Chew’s and Goldberger’s notation. In (27) we now replace 443 by Vi5, thus 
introducing the Born approximation, and use (28) to get 


; ki+kj)\ ‘ ‘ 
Polts|——— } = [Ba — (h*/M) (k— K/2)"] (p)|k— K/2) 
which agrees with equation (7) of reference {11}. 
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co VII. Influence of the Coulomb interaction 


_ The treatment given so for is strictly valid only for neutron-deuteron scat- 
tering. The influence of Coulomb scattering can easily be taken into account 
ay a slight reformulation of the treatment given by Gell-Mann and Goldberger [8]. 
_ Utilizing their equations! (4.4) and (4.5) we can write 


Tyzc=Tce+QG5* T xo QS. (29) 


Here 7'yic is the transition operator for combined nuclear and Coulomb scat- 
tering, 7 is the transition operator for pure Coulomb scattering, and Tyo) is 
the transition operator describing transitions between different Coulomb eigen- 
states, i.e. the transition operator obtained if the Coulomb potential is included 
in the unperturbed Hamiltonian. Q¢ are the wave operators for ingoing and 
outgoing Coulomb waves. 
In the spirit of the impulse approximation we approximate 7'y,c) by a sum 
of two-particle operators 


Tuo = Tyo, 12+ To, 13- (30) 
| If 1 and 2 are the two protons, the operator 
Ty = Te + QE? To, 12 QE? 1) 
is equal to the transition operator for proton-proton scattering. The operator 
To,13= QE? Tro, 13 NE? (32) 


is the proton-neutron transition operator modified for the distortion of the in- 
coming and the outgoing waves due to the presence of the second proton. With 
these reinterpretations the treatment given in the preceding sections can be 
applied to proton-deuteron scattering. 


VIII. Formulae for the transition matrix elements 


In the preceding sections we have discussed the expansion of matrix elements 
of the nucleon-deuteron transition operator in spin space and in momentum 
space, separately. Here we wish to combine the results of these investigations 
in a final formula. We have then to introduce again the spin states (initial, 
intermediate, and final) into the equations (19), (20), (21), and (26). 

For the final state we have, according to (13), 


(S’| f) = (S" |Q38”| 8) 


1 Note the printing error in eq. (4.4)! 
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t, write the initial state in a 
” - (S|é) = (8 |Q9| 5) 


thus introducing another intermediate state S between the initial spin state st 
and the transition operator.1 The overlap integrals I,3, I,, and J will then 
depend on the initial, the final and both the intermediate states, so that we 
should regard these quantities as 4-index matrices and write, for instance, 
(S’, S| Ig] 8’, S') instead of I,,. The transition operator will appear between the 
intermediate states S’ and S, and summing over these we get, for instance, 


ae . “ 3 > > “i , « « 


(S'|7,,| S!)~ 5, (S| Les] 8's $') (8’|t121 5). 


(Cf. eq. (19); we have omitted the delta function representing the momentum 
conservation.) However, with our definition (11) of the initial state we have ; 
S=S', so that only the summation over the intermediate state S’ remains. It 
is therefore sufficient to interprete the quanties J,, and J as ordinary 2-index _ 
matrices I,, and J, depending in general, though, on the initial state considered. _ 
On this understanding we can write for the complete transition matrix M*(1d) _ 
in three-body spin space, using (22) . | 


| 
M? (1d) =I,, -M? (12) +1,.-M (13)—J-N. (33) 
Here M’(1d) is defined by 
(ki, ke, kf] OSs? Tfa| ki, Dy) = 6 (ki + kf + kf — ki) M* (1d). (34) 


Tia, M* (1d), and M* (12) are antisymmetrized in particles 1 and 2. I,,, J, M¢ (12), 
and M(18) are matrices in three-body spin space and depend on the momenta 
according to the formulae (19), (20), (21), and (26). In these formulae, g¥ (Kgs) 
etc. should be replaced by 


(kés, oo M’, 833 | QS3)* | Kos, iy M’, S93) (35) é | 


etc., using the relation (13). 
We can write (33) more explicitly as 


* Actually, in the presence of tensor forces the deuteron ground state is often written (see 
e.g., Sachs [12]) ; 


1%) = {u + w Sy} | x) 


where S,, is the tensor operator for the particles 2 and 3 and | i 1 
%) a two-body (triplet) spin state. 
u and w are the radial S- and D-wave functions, respectively. eel | 
’ 
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ports uw te oe. M', 823) + 
pan (S', M’, sis |M (13)| S', M', 83s) — 
-3F(S, My, She IN| S4 M', $3) 


I33=(S, M, s|1,3| 8, M, s) 


al Lene for If and J° with s=sf,. 
_ The matrix elements of M*(12), M(13) and N are transformed saonkante to 
8) and reduced to ordinary two-particle matrix elements according to (10), : 
pang the tables ITI and IV. Table V in the appendix gives the matrix elements of 
M* (1d) calculated according to (37). 


- We wish to thank Professor I. Waller for his interest and encouragement in this work. 
We are also indebted to Fil. lic. T. Eriksson, Fil. lic. A. Johansson, Dr. Th. A. J. Maris, Dr. 
; A Sjdlander, and Dr. H. Tyrén for several interesting discussions about this problem. 
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Cig 1| Tra] 3/2, M, 1)= - 1/2 (1/2, M’, seal HUB a 3/2, 
(1/2, M’, 0| P1a| 1/2, M, 0)= 1/4 (1/2, M’, 0| Ty2| 1/2, M, 0) + 3/4 (1/2, M’, ripen e 1/2, M, 1 
+1/4 (1/2,-M’, 0|P,,| 1/2, M, 0)+ 3/4 (1/2, M’, 1|Tr5 l1/2, ‘yew 


ee! 


=) —1 f Pee bre od 
(1/2, M’, 0| Pia | 1/2, M, 1) = - V3/4.(1/2, M1’, 0| 7,5 1/2, a4, 0) + V3/4 (1/2, 1 | Ppa] 1/2, M, 1) + 
+ Vala (1/2, 0| 7,5] 1/2, m, 0) - V3/4 (1/2, 1 | 7,5| 1/2, Mf, 1) 
(1/2, M’,1|Tra| 1/2, M, 0)=(1/2, M’,0|T1a|1/2,M,1)= preceding element. = “ 
(1/2, M’,1|ra| 1/2, M, 1)= 3/4 (1/2, M’, 0| 7,,| 1/2, M, 0) + 1/4 (1/2,.M’, 1] 7,,| 1/2, M, + 
+ 3/4 (1/2, M’, 0|7,,| 1/2, M, 0) + 1/4 (1/2, M’, 1] 7,,| 1/2, M, 1). = 


Table IV. Matrix elements in three-body spin space of two-body operators T3,, 
according to equation (10) in the text. 


S'=S- 3/0, saad, 
(3/2, 3/2, 1] T1x| 3/2, 3/2,1)  =(1,1|7ix]1,) 
(3/2, 3/2, 1|T1x|3/2,1/21)  =Ve/sa,1| 71% 1, 0) 
(3/2, 2/2, 1 | T1x| 3/2, — 1/2, 1) -1/V3.a, 1] 71x [1, -1) 
(3/2, 3/2, 1 | Tix | 3/2, -3/2,1)  =0 
(3/2, 1/2, 1 | Tre | 3/2, 3/2, 1) Vo/3 (1, 0| Tix] 1, 1) 
(3/2, 1/2, 1| 71x | 8/2, 1/21) = 2/8 (1, 0| Pax] 1, 0) +1/3 (1, 1 | 71x| 1,1) 
(3/2, 1/2,1|T1e| 3/1, -1/2,1) =V2/3 1,0] Tix | 1, -1) + V2/3.0,1 | 71x] 1, 0) 
(3/2, 1/2, 1| Pix | 3/2, -3/2,1) =1/V38.a,1| Tre] 1, -1) 
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S’=-S=1/2, s'=s=1. 


d ap, 1/2,1| Tre | 1/21/21)  =1/3 0, 0| Pre| 1, 0) + 2/3 (1, 1] Tax| 1, 1) 
a1. 1| 7x [ 1/2, -1/2,1) =V2/30,0| 7/1, 1+ V2/3.0,1| Pre] 1, 0) 
(1/2, 1/2, 1] Pre] 1/2,1/21) =V2/3. 0,0] P| 1, 1) + V2/8.0, -1| 21% | 1, 0) 
“aye, ~1/2,1|Trx| 1/2, 1/2, 1)=1/3 (1, 0| Pix] 1, 0) + 2/3 (1, -1| Tre] 1, -1) 


S’-3/2, S=1/2, s'=s=1. 
: (3/2, 3/2,1| Tix] 1/2,1/21) = -1/V3 (1, 1| Pr] 1, 0) 
(3/2, 3/2,1| Pax | 1/2, -1/21) --Vel3.q,1 |u| 1-1) 
j (3/2, 1/2,1| Zrx| 1/2, 1/21) 9 = —V2/8. 4,0] Pre 1, 0) + V2/3 1,1 | Tax] 1,1) 


(3/2, 1/2, 1| Tix| 1/2, -1/2,1) = -2/3 (1, 0] 71x] 1, —1)+1/3 (1,1 | Pax | 1, 0) 


4 (3/2, —1/2,1|T1x| 1/2, 1/21) = 2/3 (1, 0| Tre | 1, 1)-1/8 0, -1| Pre 1, 0) 
(3/2, ~1/2,1| Pre] 1/2, -1/2, = Vals (a, 0 | Pe] 1, 0)-V2/3.a, -1| Pax] 1, -1) 
(3/2, - 3/2, 1| Prx| 1/2, 1/2, 1) =Ve/3qa, -1| Tux] 1): 
_ (8/2 ~ 8/2 1| P| 1/2, -1/2, )=1/V8 0, -1| Pre | 1,0) 
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aye, — 1/2, SnreAe = TS, Nye me eerertervet nc 0)- wee ae ie 1 ee 
(1/2, -1/2,1| Tre | 3/2, 3/2, 1)=1/V3 (1, 0| Tux | 1, -» 0 os 67) RE ae 


Table V. Matrix elements in three-body spin space of M*(1 d), scconding to 
equation (37) in the text. + Oi Si mah 


In this table, M% m= (1, m’|M*(12)|1, m), M%,=(0, 0|M*(12)| 0, 0), and similarly for M (13) 

and N. The quantities Ih3, etc., are defined in equation (38). To save space, those matrix 

elements are omitted for which expressions can be derived from those given by changing the 

sign of all projection quantum numbers and multiplying by the factor F given in the head 
line above each group of matrix elements. 


Sia S'=3)2) sont ROY T. 
(3/2, 3/2, 1| M* (1 d)| 3/2, 3/2,1) =123 M%+ Id, M,,—J' N,, 
(3/2, 3/2, 1 | M* (1d)| 3/2, 1/2,1) =V6/3 (133 M%o + Ihe Myy—J* No) 
(3/2, 3/2, 1| M2 (1d)| 3/2, —1/2, 1)=1/V3 (Ids M$_1 + Ide My_1 -J" Nj-1) 
(3/2, 3/2, 1| M* (1 d)| 3/2, —3/2, 1)=0 
(3/2, 1/2, 1 | M* (1d) | 3/2, 3/2,1) = V6/3 (143 0, + Ibe My — J" Noy) 
(3/2, 1/2, 1 | M* (1 d)| 3/2, 1/21) =1/3 [Z2s (2 Moo + Mii) + 32 (2 Moy + Myy)—J1 (2 Nog +Ny,)] ~ 
(3/2, 1/2 1|M* (1 a)| 3/2, — 1/2, 1) = 2/3 [28s (MG—-1 + M$) + The (Mo-1 + Myg) — J? (No-1+ Nyq)} 


(3/2, 1/2, 1| M* (1d)| 3/2, —3/2, 1) =1/V3 (143 M9_1 + Ibe Mi-1—-J? N13) 


523 /2,<Si- 1/20) | eee 
(3/2, 3/2, 1|M?(1a)| 1/2, 1/2, 1) =1/2V3 (Ids M%o+ Ike Myg —J* No) 
(3/2, 8/2, 1 | M* (1d) | 1/2, -1/2, 1) = 1/6 (dy M9_1 + Ibe My_1—J" Ni_3) 
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Se ae S'-32, am Boe 


(1/2, 1/2, 1 | M® (14) | 3/2, 3/2, 1) Fe 1/2V'3 (Ids Mot + Id2 Mo1)+ 1/V3s' No 


qd 2, 1/2, 1 | M* (14) | 3/2, 1/2, 1) = 1/32 [1s (Moo - Mii) + 132 (Moo — Mi1)]+ 
Z ; . + 2/3 7* (Noo - Nu) 


= 


Z 41/2, 1/2, 1 [M2 4) |3/2, — 1/2, 1) = ~ 6 [TBs (2 Mio - Mé6_1) + Iga (2 Mio — Mo-1)] 
iss (2 N10 — No-1) 


(1/2, 1/2, 1 | M* (Ld) | 8/2, -3/2,1) = - V6 (14s M1 + The Mi-1)—V6/3. 7" Ni-1 


— 


Sf=St= =1/2, Si3= 0. Em el. 


ar, 1/2, 0 | M7 (1d) | 1/2, 1/2, 1) = — 1/43 [193 (3 M$, — Moo - 2 Mii) — 
— 189 (3 Mss - Moo-2.Mus)]— V3/2.I° Nos 


(1/2, 1/2, 0 |M% (14) | 1/2, -1/2,1)= —1/2V6 [193 (Mo_1+ M{o) — 132 (Mo-1+ Mio)] 


S/—S' 1/2, sie. F=+1. 
(1/2, 1/2, 1 | M2 (1d) | 1/2, 1/2, 1) = 1/12 [12s (9 Mss + Moo + 2. Mii) + 
+ Ihs (9 Msg + Moo + 2.M11)] + 1/6J* (Noo + 2.N11) 
(1/2, 12, 1| M2 (14) | 1/2, — 1/2, 1) = V2/12 [13s (M61 + Mio) + 132 (Mo-1+ Mao)] + 
+1/3V2g7 (No-1+ N10) 


Institute for Theoretical Physics, University of Uppsala, Sweden. 
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